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REDUCTIONS OF MINIMAL LAGRANGIAN SUBMANIFOLDS
WITH SYMMETRIES
TORU KAJIGAYA
Abstract. Let M be a Fano manifold equipped with a Ka¨hler form ω ∈
2pic1(M) and K a connected compact Lie group acting on M as holomorphic
isometries. In this paper, we show the minimality of a K-invariant Lagrangian
submanifold L in M with respect to a globally conformal Ka¨hler metric is
equivalent to the minimality of the reduced Lagrangian submanifold L0 = L/K
in a Ka¨hler quotient M0 with respect to the Hsiang-Lawson metric. Further-
more, we give some examples of Ka¨hler reductions by using a circle action
obtained from a cohomogenenity one action on a Ka¨hler-Einstein manifold of
positive Ricci curvature. Applying these results, we obtain several examples
of minimal Lagrangian submanifolds via reductions.
1. Introduction
Minimal submanifolds in a Riemannian manifold are classical objects in a sub-
manifold geometry, and investigated by many authors. In particular, the group
symmetry of the ambient Riemannian manifold is a useful notion, and many exam-
ples of minimal submanifolds with symmetries have been constructed. Let (M, g)
be a Riemannian manifold with Riemannian metric g and K a connected Lie group
acting on M as isometries. It was first proved by Hsiang-Lawson [17] that a K-
invariant submanifold N of M is minimal if and only if N is a stationary point of
the volume functional under any compactly supported K-equivariant infinitesimal
deformation of N , and the minimality of N in M is equivalent to the minimality
of the reduced space N∗/K in the orbit space M
∗
/K equipped with an appropri-
ate metric which we call the Hsiang-Lawson metric (see [17] or Subsection 2.1 in
the present paper for the definition), where M
∗
(resp. N∗) is the set of principal
K-orbits in M (resp. N). This fundamental method can be applied to several
situations and produces many examples of minimal submanifolds (see [17]).
On the other hand, Lagrangian submanifolds in a symplectic manifold (M,ω)
play an important role in symplectic geometry. In the symplectic contexts, there is a
well-known reduction procedure so called the Marsden-Weinstein-Meyer symplectic
reduction. Suppose a Lie group K acts on M in a Hamiltonian way, namely,
the action preserves the symplectic form ω and admits a moment map µ : M →
k∗, where k is the Lie algebra of K. If K acts on a Lagrangian submanifold L,
then L is contained in µ−1(c) for some c ∈ z(k∗), where z(k∗) is the center of k∗.
Furthermore, if c is a regular value of µ and K acts on µ−1(c) freely, then the
Marsden-Weinstein-Meyer symplectic reduction yields another symplectic manifold
(Mc = µ
−1(c)/K, ωc) and L is reduced to a Lagrangian submanifold Lc = L/K in
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Mc. In this situation, it is natural to ask whether a certain property of L is related
to a property of the reduced Lagrangian submanifold Lc.
If we equipM with a Riemannian metric g, then we define notions of minimality
of a Lagrangian submanifold as follows: A Lagrangian submanifold L inM is called
minimal (resp. Hamiltonian minimal) with respect to g if L is a stationary point
of the volume functional measured by g under any infinitesimal deformation of L
(resp. any Hamiltonian deformation of L in the sense of [24]). Minimal Lagrangian
submanifolds are of particular interests in several contexts, e.g., the Lagrangian
mean curvature flows and the Hamiltonian volume minimizing problem (see [18],
[21], [24], [27] and references therein).
When M is a Ka¨hler manifold, the symplectic quotient space Mc inherits a
natural Ka¨hler structure, and we call this reduction procedure the Ka¨hler reduction
(see Section 2). In [11], Dong applied Hsiang-Lawson’s method to Hamiltonian
minimal Lagrangian submanifolds in a Ka¨hler manifold M and proved that a K-
invariant Lagrangian submanifold L in M is Hamiltonian minimal with respect
to the Ka¨hler metric g if and only if so is Lc in the Ka¨hler quotient Mc with
respect to the Hsiang-Lawson metric of g. By using this reduction method, Dong
constructed infinitely many Hamiltonian minimal Lagrangian submanifolds with
large symmetries in CPn and Cn. On the other hand, Legendre-Rollin studied the
Hamiltonian stability and rigidity of the reduced Lagrangian submanifold when
Mc is a compact toric Ka¨hler manifold, and gave an interesting application for
Lagrangian tori by using the symplectic reduction (see Section 3 in [20]).
In the present paper, we first improve Dong’s result and give a Hsiang-Lawson
type theorem for minimal Lagrangian submanifolds in a Ka¨hler manifold (Theorem
2.11). As a consequence, we show that if M is a Fano manifold equipped with
a Ka¨hler form ω ∈ 2pic1(M), then a K-invariant Lagrangian submanifold in M
is minimal with respect to a globally conformal Ka¨hler metric g˜ if and only if
the reduced Lagrangian submanifold in the Ka¨hler quotient space is minimal with
respect to the Hsiang-Lawson metric of g˜. Note that the globally conformal Ka¨hler
metric g˜ is defined by the Ka¨hler metric on M and the Ricci form of M (see
Subsection 2.3). In particular, our result can be applied to any closed Ka¨hler-
Einstein manifold of positive Ricci curvature as ambient manifold M . If this is the
case, then the globally conformal Ka¨hler metric g˜ is taken as the Ka¨hler-Einsiten
metric ofM . However, we remark that the Hsiang-Lawson metric is not necessarily
a Ka¨hler metric on the quotient space. See Section 2 for more details.
Next, we apply Theorem 2.11 to construct new examples of minimal Lagrangian
submanifolds. By Theorem 2.11, under the assumption of M , a K-invariant mini-
mal Lagrangian submanifold in M yields a minimal Lagrangian submanifold in the
Ka¨hler quotient space (with respect to the appropriate metrics) via the reduction,
and vise-versa. However, it is not easy to see what the Ka¨hler quotient is explicitly
in general. When M is a Fano manifold, Futaki proved that a Ka¨hler quotient
space is a Fano manifold again, however, the quotient structure is not necessarily
Ka¨hler-Einstein (See [12] or Section 2 in the present paper).
On the other hand, when M is the complex Euclidean space Cn, the Hopf fi-
bration pi : S2n−1 → CPn−1 gives a typical example of the Ka¨hler reduction via
the standard S1-action on Cn. In this case, the reduction still remains large sym-
metries, and the quotient space (i.e., CPn−1) becomes a compact homogeneous
Ka¨hler-Einstein manifold. Moreover, we note that some extrinsic properties of a
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S1-invariant Lagrangian submanifold in Cn are closely related to properties of the
reduced Lagrangian submanifold in CPn−1 (cf. [1], [11], [20] and [24]). In Section 3,
we give a special case of the Ka¨hler reduction, as a generalization of the Hopf fibra-
tion, in a compact Ka¨hler-Einstein manifoldM of positive Ricci curvature by using
a circle action obtained from a cohomogeneity one action onM (Theorem 3.7). The
resulting Ka¨hler quotient space is always a compact homogeneous Ka¨hler-Einstein
manifold of positive Ricci curvature and the Hsiang-Lawson metric coincides with
the Ka¨hler-Einstein metric. Thus, the geometric structure of the quotient space
may be well-understood. Furthermore, we give several examples of such Ka¨hler re-
ductions when M is a Hermitian symmetric space of compact type (see Subsection
3.3).
Finally, applying these results, we give several examples of minimal Lagrangian
submanifolds in some homogeneous Ka¨hler-Einstein manifolds via reductions.
2. Ka¨hler reductions and Lagrangian submanifolds
Let (M,ω, J) be a complex n-dimensional Ka¨hler manifold, where ω is the Ka¨hler
form and J is the complex structure, andK a real l-dimensional connected compact
Lie group. We define the compatible Riemannian metric g by g(·, ·) := ω(·, J ·).
Suppose K acts on M as holomorphic isometries and the action is Hamiltonian.
We fix a moment map of the K-action by µ :M → k∗, where k is the Lie algebra of
K. We refer to [2] for general facts of the moment map.
Let L be a K-invariant connected Lagrangian submanifold inM and φ : L→M
the embedding of L, i.e., φ satisfies φ∗ω = 0 and dimRL = n. Then, there exists
c ∈ z(k∗) := {c ∈ k∗; Ad∗(k)c = c ∀k ∈ K} so that φ(L) is contained in the level
set µ−1(c) of µ (cf. Lemma 2.3 in [11]). Because of this reason, we always assume
c ∈ z(k∗) throughout this section. We remark that we can take another moment
map µ′ := µ − c so that µ′−1(0) = µ−1(c) since c ∈ z(k∗). However, we shall use
the fixed µ because c depends on each K-invariant Lagrangian submanifold.
Since c ∈ z(k∗), K acts on µ−1(c). Throughout this section, we assume c is
a regular value of the moment map and the action K y µ−1(c) is free. Then,
µ−1(c) and the quotient space Mc := µ−1(c)/K are smooth manifolds and Mc
inherits a natural Ka¨hler structure in the sense of Theorem 7.2.3 in [13]. We
denote the inclusion and the natural projection of µ−1(c) by ι : µ−1(c) → M and
pi : µ−1(c)→Mc, respectively.
We recall the structure of the Ka¨hler quotient space according to Section 7 in
[13]. For X ∈ k, we denote the fundamental vector field at p ∈ M by X˜p :=
d
dt |t=0exp(tv) · p, and set kp := {X˜p;X ∈ k} = Tp(K · p). For any p ∈ µ−1(c), we
have
Tpµ
−1(c) = Ep ⊕ kp and T⊥p µ−1(c) = Jkp,(2.1)
where Ep is the orthogonal complement of kp in Tpµ
−1(c). We define vector bundles
over µ−1(c) by
E :=
⋃
p∈µ−1(c)
Ep and F :=
⋃
p∈µ−1(c)
(kp ⊕ Jkp).
By definition of pi, pi∗ : Ep → Tπ(p)Mc is an isomorphism. We define an almost
complex structure Jc and the Riemannian metric gc onMc by (pi∗)|E◦J = Jc◦(pi∗)|E
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and g|Ep = pi∗gc, respectively. Then, Jc is integrable and gc defines a Ka¨hler metric
on Mc ([13]). Moreover, the Ka¨hler form ωc(·, ·) := gc(Jc·, ·) satisfies pi∗ωc = ι∗ω.
Notice that the projection pi : µ−1(c)→M is a Riemannian submersion. Let ∇
and ∇c be the Levi-Civita connections of (M, g) and (Mc, gc), respectively. Then,
we have
(∇c)Z1Z2 = pi∗{p1(∇Z′1Z ′2)}(2.2)
for Z1, Z2 ∈ Γ(TMc), where Z ′i is the unique K-invariant section of E so that
pi∗(Z ′i) = Zi and p1 : TpM → Ep is the orthogonal projection.
Fix a basis {v˜i}li=1 of kp, where vi ∈ k for i = 1, . . . , l, and define
ν := v˜∗1 ∧ . . . ∧ v˜∗l ,
where {v˜∗i }li=1 is the dual basis of {v˜i}li=1, i.e., v˜∗i := g(v˜i, ·). It is easy to verify
that ν and its norm |ν|g are K-invariant. Thus, we obtain a well-defined function
|νˇ| on Mc so that |ν|g = |νˇ| ◦ pi. Moreover, the volume of the K-orbit Op = K · p
through p ∈ µ−1(c) with respect to the induced metric from g is given by
volg(Op) =
∫
Op
√
det(g(v˜i, v˜j))ν = |ν|g(p)
∫
Op
ν.(2.3)
Since K acts on µ−1(c) freely, any K-orbit contained in µ−1(c) is a principal orbit
in µ−1(c). In particular, the orbits are diffeomorphic to each other, and
∫
Op ν is
independent of the choice of p ∈ µ−1(c).
According to Hsiang-Lawson [17], we define the Hsiang-Lawson metric gHL of g
on the quotient space Mc by
gHL(x) := volg(Op)2/(n−l)gc(x)
for x ∈ Mc and p ∈ pi−1(x), where n − l is the cohomogeneity of the K-invariant
Lagrangian embedding φ : L → M , i.e., n − l = dimRL − dimROp. Notice that
n − l = dimCMc in our setting. Also, we define a globally conformal symplectic
form ωHL by ωHL(·, ·) := gHL(Jc·, ·).
For the Lagrangian embedding φ : L→M , we have the following isomorphisms:
TpL →˜ T⊥p L →˜ T ∗pL, V 7→ JV 7→ αV := φ∗(iV ω)
for any p ∈ L, where T⊥p L is the normal space of TpL in TpM with respect to g
and i denotes the inner product. Moreover, we have a decomposition
TpL = E
l
p ⊕ kp,
where Elp is the orthogonal complement of kp in TpL. Because L is Lagrangian and
Ep is a complex subspace of TpM , we have Ep = E
l
p ⊕ JElp for p ∈ L.
Since K acts on L ⊂ µ−1(c) freely, we obtain a smooth manifold Lc := pi(L)
and the embedding φc : Lc →Mc of Lc. Then, φc is a Lagrangian embedding into
Mc since pi
∗ωc = ι∗ω and dimRLc = dimCMc. We call φc the reduced Lagrangian
embedding of φ. By definition, we have pi◦φ = φc◦pi on L and pi∗|Elp : Elp → Tπ(p)Lc
and pi∗|JElp : JElp → JcTπ(p)Lc = T⊥π(p)Lc are isomorphisms.
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2.1. The Ricci form. In this subsection, we derive a formula of the Ricci form of
the Ka¨hler quotient space. This was first computed by Futaki [12], and we shall
slightly improve his result. We refer to [12] for more details.
Let M and K be as described above. Suppose c ∈ z(k∗) is a regular value of
the moment map µ, and K acts freely on µ−1(c). Since E and F are J-invariant,
we have decompositions E ⊗ C = E1,0 ⊕ E0,1 and F ⊗ C = F 1,0 ⊕ F 0,1 into
±√−1-eigendecompositions of J . Then, we see ι∗T 1,0M = E1,0 ⊕ F 1,0, where
ι : µ−1(c) → M . We take a K-invariant unitary basis {η1, . . . , ηn−l} of E1,0 with
respect to the hermitian metric h := g +
√−1ω. For the real basis {v˜k}lk=1 of
kp, we set ξk := (v˜k −
√−1Jv˜k)/2 ∈ Γ(T 1,0M) for k = 1, . . . , l. Obviously, ξk is
K-invariant for any k. For the immersion ι : µ−1(c) → M , we define sections of
ΛlF 1,0 and ∧nT 1,0M by
ξ := ξ1 ∧ . . . ∧ ξl and Ω := η1 ∧ . . . ∧ ηn−l ∧ ξ1 ∧ . . . ξl,
respectively. By definition, these sections are K-invariant.
Lemma 2.1. We have ||ξ||h = |ν|g.
Proof. Since any K-orbit contained in a level set µ−1(c) is isotropic, we have
h(ξi, ξj) = g(v˜i, v˜j) +
√−1ω(v˜i, v˜j) = g(v˜i, v˜j). Thus, ||ξ||2h = detC(h(ξi, ξj))ij =
detR(g(v˜i, v˜j))ij = |ν|2g. 
Denote the Ricci forms of M and Mc by ρ and ρc, respectively (Note that our
definition of the Ricci form is different from the ones in [12]. The relationship
between the Ricci form γ used in [12] and ρ is given by γ = 12πρ). Then, the
equality (3.3), Lemma 3.4 in [12] and Lemma 2.1 implies
pi∗ρc = ι∗ρ+ pi∗ddc log |νˇ| −
√−1dθv,(2.4)
where ddc = 2
√−1∂∂ and θv is a 1-form on µ−1(c) defined by{
ι∗∇X˜Ω = θv(X˜)Ω, for X ∈ k and
θv(Z) = 0 for Z ∈ Ep.
In order to compute θv, we need the following lemma which holds for any Ka¨hler
manifold. A proof is similar to Lemma 4.4 in [12]. Thus, we omit the proof.
Lemma 2.2 (cf. [12]). Let s be a section of ∧nT 1,0M . Then, for any X ∈ k, we
have
LX˜s = ∇X˜s−
√−1
2
∆µXs,
where L is the Lie derivative and µX := 〈µ,X〉.
Define a 1-form γ′c on µ
−1(c) by{
γ′c(p)(X˜p) := − 12div(JX˜)p = 12∆µX(p) for X ∈ k and
γ′c(p)(Z) := 0 for Z ∈ Ep.
(2.5)
Then, Lemma 2.2 shows ι∗(LX˜s) = ι∗(∇X˜s) −
√−1γ′c(X˜)ι∗s. Taking s as the
K-invariant section Ω, we have ι∗∇X˜Ω =
√−1γ′c(X˜)Ω. Therefore, we obtain
θv =
√−1γ′c.(2.6)
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Proposition 2.3. We have
pi∗ρc = ι∗ρ+ dγ′c + pi
∗ddc log |νˇ|.(2.7)
Here, the 2-form dγ′c satisfies
dγ′c(Z,W )(p) =
{
2γ′c(p)(JB
′(Z, JW )) for Z,W ∈ Ep
0 for otherwise
,
where B′ is the second fundamental form of ι : µ−1(c)→M .
Proof. (2.7) follows from (2.4) and (2.6). If Z ∈ Ep, then γ′c(Z) = 0 by definition.
Thus, for Z,W ∈ Ep, we see
dγ′c(Z,W ) = −γ′c([Z,W ]) = −γ′c([Z,W ]⊤kp ),
where ⊤kp means the orthogonal projection onto kp. Here, by (3.6) and (4.7) in
[19], we have
[Z,W ]⊤kp = 2(∇′ZW )⊤kp =: 2C(Z,W ) = −2JB′(Z, JW ),
where∇′ is the Levi-Civita connection on Tµ−1(c). Therefore, we obtain dγ′c(Z,W ) =
2γ′c(p)(JB
′(Z, JW )) for Z,W ∈ Ep. One can easily check that dγ′c(X,Y ) = 0 for
other pairs X,Y . 
2.2. The mean curvature form. Let L be the Lagrangian submanifold in M
which is contained in µ−1(c), and K · p the K-orbit through p ∈ L. We denote
the mean curvature vectors of L and K · p in µ−1(c) with respect to ι∗g by H ′ and
Hˆ, respectively. Also, Hc is denoted by the mean curvature vector of the reduced
Lagrangian submanifold Lc in Mc with respect to the Ka¨hler metric gc.
The following formula for Hˆ can be proven in a general setting (cf. [25]). How-
ever, we give a proof for the convenience of the reader. We denote the Levi-Civita
connection of Tµ−1(c) by ∇′.
Lemma 2.4. We have Hˆp = −∇′ log |ν|(p). In particular, pi∗H ′ = Hc−(∇c log |νˇ|)⊥c ,
where ⊥c denotes the orthogonal projection onto the normal space of Tπ(p)Lc in
Tπ(p)Mc.
Proof. We induce ∇′ to the subbundle ⋃p∈µ−1(c) kp of Tµ−1(c). We denote the
induced connection and its connection form in the trivialization ν by ∇v and θv,
respectively, i.e., ∇vν = θv ⊗ ν. Then, θv splits into θv = θvh + θvv , where 1-forms
θvh and θ
v
v are defined by
θvh(Z) = θ
v(Z), θvh(V ) = 0, θ
v
v(Z) = 0, θ
v
v(V ) = θ
v(V )
for Z ∈ Ep and V ∈ kp. We shall calculate θvh in different two ways. Take a K-
invariant local basis {Z1, . . . , Z2n−2l} of E. Then we have [Zi, v˜j ] = 0 and Zi ⊥ v˜j
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for any i = 1, . . . , 2n− 2l and j = 1, . . . , l. Therefore, we see
∇vZiν =
l∑
j=1
v˜1 ∧ . . . ∧ (∇vZi v˜j) ∧ . . . ∧ v˜l
=
l∑
j=1
v˜1 ∧ . . . ∧
( l∑
k,m=1
gkmg(∇′Zi v˜j , v˜k)v˜m
)
∧ . . . ∧ v˜l
=
( l∑
k,j=1
gkjg(∇′Zi v˜j , v˜k)
)
ν =
( l∑
j,k=1
gjkg(∇′v˜jZi, v˜k)
)
ν
= −
( l∑
j,k=1
gjkg(Zi,∇′v˜j v˜k)
)
ν = −g(Zi, Hˆ)ν
for any Zi, where gjk := g(v˜j , v˜k) and (g
jk)j,k=1,...,l denotes the inverse matrix of
(gjk)j,k=1,...,l. On the other hand, since ∇v is the metric connection, we see
∇vZiν = g
(
∇vZiν,
ν
|ν|
) ν
|ν| = (d log |ν|)(Zi)ν.
Therefore, we obtain θvh = −g(Hˆ, ·)|E = (d log |ν|)|E . Moreover, we have−g(Hˆ, ·)|kp =
(d log |ν|)|kp = 0, and hence, −g(Hˆ, ·)|Tpµ−1(c) = d log |ν|. This implies Hˆp =
−∇′ log |ν|(p).
Take an orthonormal basis {ei}n−li=1 of Lc. Then, we have an orthonormal basis
{e′i}n−li=1 of Ep satisfying pi∗e′i = ei for i = 1, . . . , n− l. Also, we take an orthonormal
basis {νj}lj=1 of kp. Then, we see
pi∗H ′ = pi∗
( n−l∑
i=1
(∇′e′
i
e′i)
⊥′ +
l∑
j=1
(∇′νjνj)⊥
′
)
=
n−l∑
i=1
(pi∗∇′e′
i
e′i)
⊥c + (pi∗Hˆ)⊥c
=
n−l∑
i=1
{(∇c)eiei}⊥c − (∇c log |νˇ|)⊥c = Hc − (∇c log |νˇ|)⊥c ,
where⊥′ denotes the orthogonal projection onto the normal space of TpL in Tpµ−1(c).

Denote the mean curvature vectors of φ : L→M with respect to g and φc : Lc →
Mc with respect to the Hsiang-Lawson metric gHL by H and HHL, respectively.
Then, we define the mean curvature forms by αH := φ
∗(iHω), βHc := φ
∗
c(iHcωc)
and β′HHL := φ
∗
c(iHHLωHL).
Proposition 2.5. Let M be a Ka¨hler manifold, K a connected compact Lie group
acting on M as holomorphic isometries and a Hamiltonian way, and φ : L→M a
K-invariant Lagrangian embedding. Suppose φ(L) ⊂ µ−1(c) for some regular value
c ∈ z(k∗) and K acts on µ−1(c) freely. Then, we have
pi∗β′HHL = αH′ ,(2.8)
where H ′ is the mean curvature vector of L in µ−1(c), or equivalently,
pi∗βHc = αH + γc + pi
∗ ◦ φ∗c(dc log |νˇ|),(2.9)
where γc := φ
∗γ′c (see (2.5) for the definition of γ
′
c).
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Proof. Under the conformal change gHL = e
2fgc for f ∈ C∞(Mc), we have HHL =
e−2f{Hc−(n−l)(∇cf)⊥c}, where n−l = dimRLc. Putting e2f = (volg(Op))2/(n−l),
we see f = 1n−l log |νˇ|+ const. by (2.3). Thus, by Lemma 2.4, we have
pi∗β′HHL = pi
∗ ◦ φ∗c{iHHLωHL} = φ∗ ◦ pi∗{i{Hc−(∇c log |νˇ|)⊥c}ωc}
= φ∗{ωc(pi∗H ′, pi∗·)} = φ∗{iH′pi∗ωc} = φ∗{iH′ι∗ω} = αH′ .
This proves (2.8). Moreover, we see
β′HHL = βHc − φ∗c(dc log |νˇ|).(2.10)
Finally, we shall show
αH′ = αH + γc.(2.11)
Take a local orthonormal frame {e1, . . . , en} of L. Since L is Lagrangian, we see
αH(X˜) = −
n∑
i=1
g(∇eiei, JX˜) = −
n∑
i=1
{∇eig(ei, JX˜)− g(ei,∇eiJX˜)}
=
1
2
divJX˜ = −γc(X˜)
for any X ∈ k (A similar calculation is found in [4]), namely, αH |kp = −γc. On the
other hand, one can easily verify that αH |Elp = αH′ . Thus, we have αH = αH′ −γc.
Substituting (2.10) and (2.11) to (2.8), we obtain (2.9). 
(2.8) shows that H ′ = 0 if and only if HHL = 0 since pi is surjective. This is a
special case of the classical fact due to Hsiang-Lawson [17]. However, our approach
is different from theirs.
Remark 2.6. For a Lagrangian submanifold in a Ka¨hler manifold, we have Dazord’s
formula: dαH = φ
∗ρ. By taking the exterior derivative of (2.9), we obtain pi∗dβHc =
dαH+dγc+φ
∗◦pi∗ddc log |νˇ|. This coincides with the pull-pack of the formula (2.7).
2.3. Minimal Lagrangian submanifolds. In this subsection, we suppose fur-
thermore the Ricci form ρ of the Ka¨hler manifold (M,ω, J) satisfies
ρ = Cω + nddcf(2.12)
for non-zero constant C and f ∈ C∞(M), where n = dimCM . For example, any
Fano manifold, i.e., a closed complex manifold with positive first Chern class c1(M)
endowed with a Ka¨hler form ω′ so that ω′ ∈ 2pic1(M) satisfies ρ = ω′ + nddcf for
a real function f ∈ C∞(M). Note that one can rescale the Ka¨hler form so that
ω = Cω′ for any positive constant C. Then, ω satisfies the relation (2.12). We
remark that a similar condition for the Ricci curvature has been considered in [5]
and [27].
IfM satisfies (2.12), it is somewhat reasonable to consider a conformal change of
the metric. Namely, we define a canonical conformal change of g by g˜ := e2fg. Also,
we define ω˜ := e2fω. Then, (g˜, ω˜, J) defines a globally conformal Ka¨hler structure
on M . By definition, φ∗ω = 0 if and only if φ∗ω˜ = 0 for an immersion φ into M .
Thus, the notion of Lagrangian submanifolds is conformal invariant.
Since K acts on M as holomorphic isometries, ρ and ω are K-invariant, and
hence, f is a K-invariant function. Thus, we obtain a well-defined function fˇ ∈
C∞(Mc) so that f = pi∗fˇ . Then, we define a globally conformal Ka¨hler metric on
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the quotient space Mc by g˜c := e
2fˇgc. It is obvious that pi
∗g˜c = ι∗g˜. Moreover, we
define the Hsiang-Lawson metric g˜HL on Mc of g˜ by
g˜HL(x) := volg˜(Op)2/(n−l)g˜c(x),
for x ∈ Mc and p ∈ pi−1(x), where volg˜(Op) is the volume of Op with respect to
the globally conformal Ka¨hler metric g˜. Since volg˜(Op) = elf(p)volg(Op), where
l = dimROp, we see
g˜HL(x) = e
2fc(x)gc, where
fc(x) := log volg(Op)1/(n−l) + n
n− l fˇ(x).
(2.13)
First, we mention the moment map of an action of holomorphic isometries. The
following proposition can be observed by the result in [12] (Our formulation is
inspired by [26]).
Proposition 2.7. Let M be a Ka¨hler manifold satisfying ρ = Cω + nddcf with
C 6= 0 and K a connected compact Lie group. Assume K acts on M preserving
(ω, g, J). Then, the action is Hamiltonian, and a moment map µ˜ :M → k∗ is given
by
〈µ˜(p), X〉 = 1
C
{
− 1
2
divJX˜p + nd
cfp(X˜p)
}
,(2.14)
for X ∈ k, where div is the divergence operator on M with respect to g. We call µ˜
the canonical moment map for the K-action.
Proof. Since K acts on M as holomorphic isometries, it is easy to verify that
µ˜ is K-equivariant, namely, µ˜(kp) = Ad∗(k−1)µ˜(p) for any k ∈ K. Moreover,
the fundamental vector field X˜ for X ∈ k is infinitesimal automorphic, namely,
LX˜J = 0, or equivalently, [X˜, JY ] = J [X˜, Y ] for any Y ∈ Γ(TM). This implies
∇JY X˜ = J∇Y X˜(2.15)
since ∇J = 0.
By Proposition 1.1 in [26], we have
Y
(
− 1
2
divJX˜
)
= ρ(X˜, Y )(2.16)
for any Y ∈ TpM (Note that the signs of of ω and ρ in [26] are different from ours).
On the other hand, we have
Y {dcf(X˜)} = −Y {df(JX˜)} = −Y {g(∇f, JX˜)}
= −Hessf (Y, JX˜)− g(∇f,∇Y JX˜).
(2.17)
Since f is a K-invariant function, we have X˜f = 0. By using this fact and (2.15),
we compute
g(∇f,∇Y JX˜) = g(∇f, J∇Y X˜) = g(∇f,∇JY X˜) = JY (X˜f)− g(∇JY∇f, X˜)
= −Hessf (JY, X˜) = −Hessf (X˜, JY )
Thus, a straight forward calculation shows that (2.17) becomes
Y {dcf(X˜)} = −Hessf (Y, JX˜) + Hessf (X˜, JY ) = −ddcf(X˜, Y ).(2.18)
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Therefore, by (2.16), (2.18) and the assumption of ρ, we obtain
〈Y µ˜p, X〉 = 1
C
{ρ(X˜, Y )− nddcf(X˜, Y )} = ω(X˜, Y ).
This proves dµ˜X = iX˜ω for any X ∈ k. Thus, µ˜ is a moment map. 
Remark 2.8. If we define a weighted Laplacian on M by ∆fu := ∆u− 2ng(du, df)
for u ∈ C∞(L), then we see from (2.16) that ∆f µ˜X = 2Cµ˜X for any X ∈ k since
JX˜ = ∇µ˜X , namely, µ˜X is an eigenfuntion of ∆f . In particular, if M is closed,
then the canonical moment map is characterized by
∫
M
µ˜X ω˜n = 0. See [12] for
more details of the canonical moment map when M is a Fano manifold.
Replacing µ by the canonical moment map µ˜, we have from (2.5){
γ′c(X˜p) = Cc(X)− ndcfp(X˜p) for X ∈ k and
γ′c(p)(Z) = 0 for Z ∈ Ep.
(2.19)
for any X ∈ k and p ∈ µ˜−1(c). If c = 0, then (2.19) implies
γ′0 = −n{ι∗dcf − pi∗dcfˇ}.(2.20)
Thus, the Ricci form ρ0 of the Ka¨hler quotient space M0 = µ˜
−1(0)/K satisfies
pi∗ρ0 = ι∗ρ− n{ι∗ddcf − pi∗ddcfˇ}+ pi∗ddc log |νˇ|
= pi∗{Cω0 + ddc(log |νˇ|+ nfˇ)}
by (2.7) and (2.20). Because pi is surjective, this shows that
ρ0 = Cω0 + dd
c(log |νˇ|+ nfˇ) = Cω0 + (n− l)ddcf0,(2.21)
where f0 is given by (2.13). Namely, we have the following which slightly generalizes
the result of Futaki [12]:
Proposition 2.9. Let M be a Ka¨hler manifold satisfying ρ = Cω + nddcf with
C 6= 0 and K yM an action of holomorphic isometries. If 0 is a regular value of
the canonical moment map µ˜ of the K-action and K acts on µ˜−1(0) freely, then the
Ricci form of the Ka¨hler quotient space (M0 = µ˜
−1(0)/K, ω0, J0) satisfies (2.21).
In particular, the Hsiang-Lawson metric g˜HL on M0 of g˜ coincides with the
canonical conformal change of g0, i.e., g˜HL = e
2f0g0.
Remark 2.10. (i) When M is Ka¨hler-Einstein, then so is (M0, ω0, J0) if and only if
|ν| is constant on µ˜−1(0), or equivalently, every K-orbits contained in µ˜−1(0) has
the same volume (cf. Corollary 3 in [12]).
(ii) If c 6= 0, then dγ′c depends on the second fundamental form of ι : µ˜−1(c)→M .
See Proposition 2.3.
Let φ : L → M be a Lagrangian immersion. Denote the mean curvature vector
of φ with respect to g˜ = e2fg by H˜ , and set α˜H˜ := φ
∗(iH˜ ω˜). By definition, we have
α˜H˜ = αH − nφ∗dcf,(2.22)
We remark that α˜H˜ is a closed 1-form. In fact, Dazord’s formula dαH = φ
∗ρ implies
dα˜H˜ = φ
∗ρ− nφ∗ddcf = φ∗(Cω) = 0.
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See Remark 2.13 in below on this point. Also, we denote the mean curvature vector
of φ0 : L0 →M0 with respect to g˜HL by H˜HL, and we set
β˜H˜HL := φ
∗
0(iH˜HL ω˜HL),
where ω˜HL(·, ·) := g˜HL(J0·, ·). A similar argument shows that β˜H˜HL is also a closed
form.
Now, we state the first main result of the present paper:
Theorem 2.11. Let (M,ω, J) be a complex n-dimensional Ka¨hler manifold, K a
connected compact Lie group acting on M as holomorphic isometries and φ : L→
M a K-invariant Lagrangian embedding of a manifold L. Suppose the Ricci form of
M satisfies ρ = Cω+ nddcf for some constant C 6= 0 and f ∈ C∞(M). Moreover,
we define a globally conformal Ka¨hler metric g˜ on M by g˜ := e2fg. Then, we have
the following:
(a): If φ is minimal with respect to g˜, i.e., α˜H˜ = 0, or more generally α˜H˜
is exact, then φ(L) is contained in the 0-level set of the canonical moment
map µ˜ of the K-action.
(b): Suppose 0 ∈ k∗ is a regular value of µ˜ and K acts on µ˜−1(0) freely.
Furthermore, we assume φ(L) is contained in µ˜−1(0). Then, we have
pi∗β˜H˜HL = α˜H˜ .(2.23)
In particular, φ is minimal with respect to g˜ if and only if so is the reduced
Lagrangian embedding φ0 : L0 → M0 with respect to the Hsiang-Lawson
metric of g˜.
Proof. We assume φ(L) is contained in µ˜−1(c) for some c ∈ z(k∗). Suppose α˜H˜ is
an exact form, i.e., there exists a smooth function u ∈ C∞(L) so that α˜H˜ = du.
Then, (2.11) and (2.22) implies
du = αH′ − γc − nφ∗dcf.(2.24)
Since g˜ and L are K-invariant, so is the 1-form α˜H˜ , and hence, u is a K-invariant
function. Moreover, by (2.19), we have
γc(X˜) + n(φ
∗dcf)(X˜) = Cc(X)
for any X ∈ kp. Thus, substituting X˜ to (24), we obtain
0 = αH′(X˜)− Cc(X) = g(JH ′, X˜)− Cc(X) = −Cc(X)
since H ′ ∈ E and E is J-invariant. Therefore, c = 0. This proves (a).
Suppose φ(L) is contained in µ˜−1(0). Then, we have
β˜H˜HL = βH0 − (n− l)φ∗0dcf0 = βH0 − φ∗0dc(log |νˇ|+ nfˇ).(2.25)
By (2.22) and (2.25), (2.9) becomes
pi∗(β˜H˜HL + nφ
∗
0d
cfˇ) = α˜H˜ + γ0 + nφ
∗dcf.(2.26)
On the other hand, we have from (2.20) that γ0 = −n(φ∗dcf − pi∗ ◦φ∗0dcfˇ). There-
fore, (2.26) becomes
pi∗β˜H˜HL = α˜H˜ .
This proves (b). 
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Remark 2.12. (i) Theorem 2.11 holds even when M is non-compact. If M is a
non Ricci flat Ka¨hler-Einstein manifold, then g˜ coincides with the Ka¨hler metric
g (up to constant multiples). However, the quotient structure (M0, ω0, J0) is not
necessarily Ka¨hler-Einstein (See Remark 2.10).
(ii) Theorem 2.11 (a) is a generalization of Proposition 3.2 in [4] or Theorem
6 in [25] in which a similar statement was proved for homogeneous Lagrangian
submanifolds in a Ka¨hler-Einstein manifold. On the other hand, Theorem 2.11 (b)
is not a direct consequence of Hsiang-Lawson’s result in [17]. In fact, a similar
statement does not hold in general without the assumption of the Ricci curvature.
For example, the Hopf fibration pi : S2n−1 → CPn−1 is a typical example of the
Ka¨hler reduction by the standard S1-action on the complex Euclidean space M =
Cn. In this case, M is Ricci-flat and one can choose a moment map µ of the S1-
action so that µ−1(0) = S2n−1. However, the moment map is not canonical in the
sense of Proposition 2.7. Note that every S1-orbits has the same volume in S2n−1,
and hence, the Hsiang-Lawson metric is a constant multiple of the Fubini-Study
metric on CPn−1. Moreover, if L0 is a compact minimal Lagrangian submanifold in
CPn−1, then the pre-image L = pi−1(L0) is Hamiltonian-minimal in Cn. However,
L is never minimal in Cn by the compactness of L, and hence, the minimality of
L0 does not correspond to the minimality of L (in the classical sense).
Remark 2.13. When (M,ω, J) is not Ka¨hler-Einstein, it is necessary to take a
conformal change of the original Ka¨hler metric g in order to obtain the simple
formula (23). In fact, a similar formula between the mean curvature form αH of
φ with respect to the original Ka¨hler metric g and β′HHL of φ0 with respect to the
Hsiang-Lawson metric gHL of g is more complicated than (2.23) (see (2.9)).
We remark that the closed 1-forms α˜H˜ and β˜H˜HL are referred as generalized mean
curvature forms in [5] and [27] or Maslov forms in [21] of φ and φ0, respectively.
Namely, α˜H˜ (or β˜H˜HL) is regarded as a ”connection form” of a unitary connection
∇ˆ on the trivial bundle φ∗KM in the trivialization ΩL defined by a unique extension
of the volume form of φ:
∇ˆΩL =
√−1α˜H˜ΩL,
where ∇ˆ := ∇ + dcf ⊗ J on TM (see Example 2 in [27] or [18]), and we use the
same symbol for the induced connection on φ∗KM . This can be easily shown by
using Proposition 4.2 in [21]. As shown in [5], [18], [21] and [27], there are several
advantages to consider the (closed) Maslov forms in the non Ka¨hler-Einstein setting.
This point is a crucial difference between α˜H˜ and αH in our setting, and gives a
reason why we consider α˜H˜ instead of αH . From this point of view, (2.23) shows
that the closed Maslov forms are preserved by pi whenever φ(L) is contained in the
0-level set of µ˜.
3. Examples: Reductions of homogeneous hypersurfaces in a Ka¨hler
manifold
In this section, we give some explicit examples of Ka¨hler reductions by using a
circle action obtained from a cohomogeneity one action on a Ka¨hler manifold. The
main result of this section is Theorem 3.7.
3.1. Preliminaries. Let (M,ω) be a symplectic manifold. Suppose a connected
Lie group G acts on M in a Hamiltonian way with the moment map µ : M → g∗.
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For any closed subgroup G′ of G, the induced action G′ yM is also a Hamiltonian
action. In fact, a moment map is given by µG′ := pr(g′)∗ ◦ µ, where g′ is the Lie
algebra of G′ and pr(g′)∗ is the natural projection onto (g
′)∗ (see [2]).
Let S be a connected closed subgroup of G with Lie algebra s. Denote the
centralizer of S in G by ZG(S) := {g ∈ G; gs = sg ∀s ∈ S}. Then, ZG(S) is a Lie
subgroup of G and the Lie subalgebra is given by zg(s) := {X ∈ g; [X,V ] = 0 ∀V ∈
s}. If G = S, then ZS(S) is the center of S, and we denote it and its Lie algebra
by C(S) and c(s), respectively.
Lemma 3.1. Let Z ′ be a connected closed subgroup of ZG(S) with Lie algebra z′
and µZ′ :M → (z′)∗ the moment map of the Z ′-action. Then, the level set µ−1Z′ (c)
is a S-invariant subset in M for any c ∈ (z′)∗. Conversely, if any level set of
the moment map µZ′ of a connected closed subgroup Z
′ in G is S-invariant and
Z ′ yM is effective, then Z ′ is a subgroup of ZG(S).
Proof. Take a point p ∈ µ−1Z′ (c). Since Ad(S)X = X for any X ∈ z′ ⊂ zg(s), we see
〈µZ′(s · p), X〉 = 〈pr(z′)∗ ◦ µ(s · p), X〉 = 〈µ(s · p), X〉
= 〈Ad∗(s)µ(p), X〉 = 〈µ(p),Ad(s−1)X〉
= 〈µ(p), X〉 = 〈µZ′(p), X〉
for any s ∈ S. This shows S · p ⊆ µ−1Z′ (c) for any p ∈ µ−1Z′ (c), i.e., µ−1Z′ (c) is
S-invariant.
Conversely, we assume Z ′ is a closed connected subgroup of G with Lie algebra
z′ and each level set of µZ′ is S-invariant. For X ′ ∈ z′ and V ∈ s, we define a
smooth function on M by fX′,V (p) := ωp(X˜ ′, V˜ ). Since X˜ ′ and V˜ are symplectic
vector fields on M , it turns out that fX′,V is a Hamiltonian function with respect
to the vector field [V˜ , X˜ ′], that is, dfX′,V = i[V˜ ,X˜′]ω.
By the assumption, µX
′
Z′ is a S-invariant function, and hence, we see
fX′,V (p) = ωp(X˜ ′, V˜ ) = dµX
′
Z′ (V˜ )p = 0.
Thus, the smooth function fX′,V is identically zero on M . In particular, we see
0 ≡ dfX′,V = i[V˜ ,X˜′]ω, and hence, [X˜ ′, V˜ ] = 0 on M since ω is non-degenerate.
Because Z ′ y M is effective, this implies [X ′, V ] = 0. Therefore, X ′ ∈ zg(s)
for any X ′ ∈ z′, and hence, z′ is a Lie subalgebra of zg(s). Thus, there exists a
unique connected Lie subgroup Z ′′ in ZG(S) with Lie algebra z′. Since Z ′ and
Z ′′ are connected Lie subgroups of G with the same Lie algebra, we conclude
Z ′ = Z ′′ ⊂ ZG(S). 
Remark 3.2. Lemma 3.1 is a generalization of Proposition III.2.12 in [2]. In fact,
if we take G = S as a connected abelian group T so that C(T ) = T , any T -orbit is
contained in a level set of the moment map µZ = µ. Conversely, if any G-orbit is
contained in a level set of µ of G and GyM is effective, then G is abelian.
Denote the identity component of ZG(S) and its moment map by ZG(S)
0 and
µZ : M → zg(s)∗, respectively. If Z ′ is a subgroup of ZG(S)0, then it is easy to
see that µ−1Z′ (c) ⊇ µ−1Z (c) for any c ∈ (z′)∗ ⊆ zg(s)∗. In particular, µ−1Z (0) is the
smallest S-invariant 0-level set of the moment map among the actions of subgroups
of ZG(S)
0. Because of this reason, we focus on the ZG(S)
0-action.
Suppose ZG(S)
0 is compact and c ∈ zg(s)∗ ∩ µZ(M) is a regular value of
µZ . Denote the stabilizer subgroup of Ad
∗(ZG(S)0) y zg(s)
∗
at c by Zc :=
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{g ∈ ZG(S)0; Ad∗(g)c = c}. We further assume Zc acts on µ−1Z (c) freely. Then,
the Marsden-Weinstein-Meyer symplectic reduction yields a symplectic manifold
(Mc := µ
−1
Z (c)/Zc, ωc) (cf. [2]). We denote the inclusion and the projection by
ι : µ−1Z (c)→M and pi : µ−1Z (c)→Mc, respectively.
By Lemma 3.1, S acts on µ−1Z (c), and we define the natural action of S on Mc
so that s ◦ pi = pi ◦ s for s ∈ S. Because Zc is a subgroup of ZG(S), the action is
well-defined. Since pi∗ωc = ι∗ω and S y M is symplectic, we easily verifies that
S yMc is also symplectic. Moreover, S yMc is Hamiltonian. In fact, because the
restriction µS |µ−1
Z
(c) : µ
−1
Z (c) → s∗ is Zc-invariant, we obtain a map µS : Mc → s∗
and µS is the moment map of the S-action on Mc.
If furthermore, M is Ka¨hler and G acts on M as holomorphic isometries, then
we obtain the Ka¨hler reduction pi : µ−1Z (c) → Mc in the sense of Theorem 7.2.3 in
[12], and we see the following:
Lemma 3.3. Suppose M is Ka¨hler and G acts on M as holomorphic isometries.
Then, S acts on Mc as holomorphic isometries.
Proof. We have already shown that S y Mc is symplectic. When c = 0, by using
the structure result ofM0 described in Section 2, one easily verifies that S yM0 is
holomorphic since so is S y M , Z0 = ZG(S)0 and S commutes with the ZG(S)0-
action. When c 6= 0, we use the shifting trick since c is a general element in
zg(s)
∗. Set O−c := Ad∗(ZG(S)0)(−c). Since ZG(S)0 is compact, the Kirillov-
Kostant-Souriau symplectic form on O−c is a Ka¨hler form so that the inclusion
i : O−c → zg(s)∗ is the moment map for the ZG(S)-action. Then, ZG(S) acts on
the product Ka¨hler manifold M ×O−c in a Hamiltonian fashion with moment map
Ψ := µZ + i. Then, we have an inclusion µ
−1
Z (c) → Ψ−1(0) by p 7→ (p, c) and
µ−1Z (c)/Zc is identified with Ψ
−1(0)/ZG(S) by [p] 7→ [(p, c)] (see [12]). Moreover,
we induce a Ka¨hler structure on µ−1Z (c)/Zc from the ones on Ψ
−1(0)/ZG(S). Since
the action S yM×O−c defined by s ·(p, c) 7→ (sp, c) is holomorphic and commutes
with ZG(S)
0-action, we see S y Ψ−1(0)/ZG(S) is holomorphic. This implies the
lemma. 
Example 3.4. Let S be the special unitary group SU(n). Consider the SU(n)-
action on Cn via the natural representation of SU(n). Note that the center of SU(n)
is discrete since SU(n) is semi-simple. A principal SU(n)-orbit is the hypersphere
S2n−1(r) with radius r > 0 and the connected component of the centralizer of
S = SU(n) in G = U(n) is ZG(S)
0 = {e
√−1θIdn; θ ∈ [0, 2pi]} ≃ S1. One verifies
that S2n−1(r) = µ−1Z (c) for some c ∈ zg(s)∗ ≃ R. The ZG(S)0-action is nothing
but the Hopf action on Cn and the Ka¨hler quotient Mc is the complex projective
space CPn. Moreover, SU(n) acts on Mc transitively.
3.2. Reductions of homogeneous hypersurfaces. In this subsection, we as-
sume M is a simply connected compact symplectic manifold (e.g., a compact
Ka¨hler-Einstein manifold of positive Ricci curvature) and G is a compact con-
nected Lie group acting on M effectively in a Hamiltonian way. We equip M with
a G-invariant almost Ka¨hler structure onM . Note that such a structure always ex-
ists (see Appendix in [3]). Throughout this subsection, we denote the Riemannian
metric and the almost complex structure by g and J , respectively.
In the following, we further assume S y M is a cohomogeneity one action,
namely, actions such that the principal orbits are real hypersurfaces in M . For the
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S-action, we set
Mpri(S) := {p ∈M ;S · p is a principal orbit},
Msing(S) := {p ∈M ;S · p is a singular orbit},
Mreg(µZ) := {p ∈M ; p is a regular point of µZ} and
Mcri(µZ) := {p ∈M ; p is a critical point of µZ}.
We note that, if M is simply connected, then the cohomogeneity one isometric
action does not admit any exceptional orbit. Moreover, under the assumption of
M , the orbit space M/S is homeomorphic to the closed interval [0, 1], and there
exist exactly two singular orbits S · p1 and S · p2 (cf. Section 2.9.3 in [6]). Namely,
we have Msing(S) = S · p1 ⊔ S · p2.
For any real hypersurface M in M , an almost contact metric structure on M is
induced from the almost Ka¨hler structure on M . For a (local) unit normal vector
field N onM , we define a vector field ξ ∈ Γ(TM) by ξ := −JN and call it the Reeb
vector field of M .
Lemma 3.5. Assume G acts on M effectively in a Hamiltonian way. Let S be
a connected closed subgroup of G acting on M as a cohomogeneity one isometric
action. If ZG(S) is not discrete and compact, then we have the following:
(a): dimZG(S) = 1, namely, the ZG(S)
0-action is a circle action.
(b): The orbit space M/S is homeomorphic to µZ(M) via S · p 7→ µZ(p). In
particular, we have Mpri(S) = Mreg(µZ), Msing(S) = Mcri(µZ) and S · p =
µ−1Z (c) with c = µZ(p) for any p ∈M .
(c): For any regular value c ∈ zg(s)∗, ZG(S)0 acts on µ−1Z (c) freely. Moreover,
the ZG(S)
0-action generates an isometric Reeb flow on µ−1Z (c) i.e., there
exists an element v ∈ zg(s) such that v˜ is the Reeb vector field on µ−1Z (c),
and ZG(S)
0-orbits contained in µ−1Z (c) are mutually isometric.
Proof. For simplicity, we set Z := ZG(S)
0 and z := zg(s)
∗ in this proof.
Since µZ :M → z∗ is a smooth map, Sard’s theorem implies Mreg(µZ ) is a dense
subset in M . On the other hand, Mpri(S) is open dense in M . Thus, there exists a
point p0 such that p0 ∈Mreg(µZ ) ∩Mpri(S). Then, c0 := µZ(p0) is a regular value,
and hence, µ−1Z (c0) is a submanifold in M with codimµ
−1
Z (c0) = dimz
∗ = dimZ.
Since S · p0 is a submanifold contained in µ−1Z (c0) by Lemma 3.1 and S y M is
cohomogeneity one, we see dimZ = codimµ−1Z (c0) ≤ codimS · p0 = 1. Because Z
is not discrete, we conclude dimZ = codimµ−1Z (c0) = 1. Thus, Z y M is a circle
action by the compactness of Z. This proves (a).
Next, we shall show (b). For any p ∈Mreg(µZ) ∩Mpri(S), c = µZ(p) is a regular
value and µ−1Z (c) is a hypersurface in M by (a). Therefore, the regular orbit S ·p is
a connected component of µ−1Z (c) since S · p is a connected open subset in µ−1Z (c)
and the action is proper. On the other hand, it is known that µ−1Z (c) is a connected
subset in M by the compactness ofM and Z (see [15]). Thus, we see S ·p = µ−1Z (c)
for any p ∈Mreg(µZ) ∩Mpri(S).
We claim thatMreg(µZ )∩Msing(S) = {φ}. Suppose the contrary were true. Take
a point p1 ∈ Mreg(µ) ∩Msing(S) and set c1 := µZ(p1). Then, we have (i): µ−1Z (c1)
is a S-invariant connected hypersurface, (ii): µ−1Z (c1) consists of singular orbits of
S yM , namely, µ−1Z (c1)∩Mreg(S) = {φ} (otherwise, we have S·p = µ−1Z (c1) ! S·p1
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for some p ∈ µ−1Z (c1)∩Mpri(S), a contradiction). In particular, dim(µ−1Z (c1)/S) ≥ 1
and there are infinitely many singular orbits. This contradicts to the general fact
that the cohomogeneity one action admits at most two singular orbit. Therefore,
we have Mreg(µZ ) ∩Msing(S) = {φ}. Notice that this implies Mreg(µZ ) = Mpri(S)
and Mcri(µZ) =Msing(S).
Since Z ≃ S1, the image µZ(M) is homeomorphic to a closed interval I in R ≃ z∗
by the convexity theorem for the moment map (see Corollary IV.4.5 in [2]). Since
Mcri(µZ) = Msing(S) = S · p1 ⊔ S · p2 and µZ(S · pi) ≡ ci for i = 1, 2 by Lemma
3.1, there are exactly two critical values, the maximum and the minimum of µZ ,
and we see S · pi = µ−1Z (ci). Therefore, the map M/S → µZ(M) via S · p 7→ µZ(p)
defines a homeomorphism. This proves (b).
Finally, we show (c). By (a), Z is an abelian group, and hence, Z acts on each
level set µ−1Z (c). For p ∈ µ−1Z (c), we denote the stabilizer subgroup at p of the
action Z y M and its Lie subalgebra by Zp and zp, respectively. It is a general
fact for the moment map that ImdµZ(p) coincides with the annihilator in z
∗ of zp
(see Proposition III.2.2 in [2]). Thus,
• if p ∈ Mcri(µZ), then we see zp = z since Z ≃ S1, and hence, p is a fixed
point of the Z-action, and
• if p ∈ Mreg(µZ ), then the action Z y µ−1Z (c), where c = µZ(p), is locally
free, i.e., the stabilizer subgroup Zp of Z y µ−1Z (c) at p is discrete.
We claim that Zp = Zq for any p, q ∈Mreg(µZ) =Mpri(S).
Setting S′ := SZ = SZG(S)0, we see S′ is a subgroup ofG and S′·p = S ·p for any
p ∈M since Z acts on each S-orbit by (b). Note that we have Mpri(S′) =Mpri(S).
The S′-action induces an action of the subgroup Z on the homogeneous space
S′/S′p ≃ S′ · p. Since S′ · p = S · p = µ−1Z (c) for any p ∈ M by (b), the action
Z y µ−1Z (c) is equivariant to Z y S
′/S′p. Take distinct points p, q ∈ Mpri(S′).
Then, h ∈ Zp if and only if h ∈ S′p. Since S′q is conjugate to S′p in S′, there exists an
element s′ ∈ S′ such that s′h(s′)−1 ∈ S′q. On the other hand, because Z is abelian,
h commutes with any element in S′ = SZ. Therefore, we see h = s′h(s′)−1 ∈ S′q,
i.e., h ∈ Zq. This implies Zp = Zq for any p, q ∈Mpri(S′) =Mpri(S) = Mreg(µZ ) as
claimed.
In particular, an element h ∈ Zp for p ∈Mreg(µZ ) fixes every point in Mreg(µZ),
and hence, whole M . On the other hand, because G y M is effective, Z y M
is also an effective action. Therefore, Zp = {e} for p ∈ Mreg(µZ ) and the action
Z y µ−1Z (c) is free for any regular value c.
Take an element v ∈ z so that |v˜p|g = 1 for some point p ∈ µ−1Z (c), where c is a
regular value. Since S acts on µ−1Z (c) transitively, there exists s ∈ S such that q = sp
for any q ∈ µ−1Z (c). Then, |v˜q|g = | ˜(Ad(s−1)v)p|g = |v˜p|g = 1 because the metric is
G-invariant and v ∈ z = zg(s). On the other hand, we have Tqµ−1Z (c) = {X˜q; X ∈ s}
by (b). Then, we see
g(Jv˜, X˜) = ω(v˜, X˜) = dµvZ(X˜) = X˜µ
v
Z = 0
for any X ∈ s. Therefore, Jv˜ is a unit normal vector field of µ−1Z (c), i.e., v˜ is the
Reeb vector field. Moreover, for any q = sp, we have Z · q = Z · sp = s(Z ·p). Thus,
Z-orbits in µ−1Z (c) are mutually isometric. 
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By Lemma 3.5 (a), we may assume ZG(S)
0 ≃ S1. Consider the moment map
µZ : M → zg(s)∗ of the ZG(S)0-action. In the following, we fix an inner product
〈, 〉 on zg(s) and identify µZ with a real function µX0Z : M → R for a unit vector
X0 ∈ zg(s)∗. Since X˜0 generates an S1-orbit, it turns out that the hamiltonian µX0Z
is a Morse-Bott function (see Theorem IV.2.3 in [2]). In our setting, much more is
true:
Recall that a smooth function f : M → R on a Riemannian manifold M is
called transnormal if |∇f |2g = a ◦ f for some smooth function a : I → R, where
I = f(M). Furthermore, a transnormal function f is called isoparametric if there
exists a continuous function b : I → R such that ∆f = b ◦ f . A regular level set of
an isoparametric function is so called the isoparametric hypersurface.
Proposition 3.6. µZ :M → zg(s)∗ ≃ R is an isoparametric function.
Proof. First, we shall show µZ is transnormal. We set Z := ZG(S)
0 and z := zg(s)
∗.
By Lemma 3.5 (c), Z acts on Mreg(µZ ) freely, and hence, each orbit Op := Z · p
through p ∈ Mreg(µZ ) is a principal Z-orbit. Moreover, since the Z-action fixes
every point in Mcri(µZ) (see the proof of Lemma 3.5 (c)), we have Mreg(µZ ) =
Mpri(Z) and Mcri(µZ) =Msing(Z).
Thus, we define the volume function on Mpri(Z) as well as (2.3) by
V (p) := volg(Op) = |ν|g(p)
∫
Z
ν.(3.1)
It is known that V is a smooth function on Mpri(Z). Moreover, V can be extended
continuously to the singular sets Msing(Z) of the Z-action as V (p) = 0 for p ∈
Msing(Z) and V
2 is a smooth function on M (see Proposition 1 in [25]).
Since Op ≃ Z for any p ∈ Mpri(Z), we have an embedding ψp : Z → M so that
ψp(Z) = Op for each p ∈ Mpri(Z). Then, the induced metric ψ∗pg is left invariant,
and hence, it defines another inner product 〈, 〉p on z so that 〈X,Y 〉p = g(X˜p, Y˜p)
for any X,Y ∈ z. Because z ≃ R, there exists a positive constant A(p) depending
on p such that 〈, 〉p = A(p)〈, 〉. Since ∇µXZ = JX˜ for any X ∈ k, we see
〈X,X〉p = |X˜|2g(p) = |∇µXZ |2g(p) = |∇µZ |2g(p) · 〈X,X〉,(3.2)
and hence, A(p) = |∇µZ |2g(p).
Define a left invariant metric h on Z by using 〈, 〉 so that ψ∗pg = A(p)h on Z.
Then, the volume elements dvψ∗pg and dvh on Z defined by ψ
∗
pg and h, respectively,
satisfy dvψ∗pg = A(p)
1/2dvh. Since V (p) =
∫
Z
dvψ∗pg, we see
A(p) = V (p)2 · (const.).
for any p ∈Mpri(Z), where the constant is non-zero. Therefore, A can be extended
to a smooth function on M as A(p) = 0 for p ∈ Msing(Z) and satisfies A(p) =
|∇µZ |2g(p) for any p ∈M .
By Lemma 3.5 (c), the Z-orbits contained in µ−1Z (c) are mutually isometric for
each regular value c ∈ z∗. Thus, we obtain a well-defined function a : I = µZ(M)→
R by a(c) := A(p) = V (p)2 for p ∈ µ−1Z (c) so that a satisfies |∇µZ |2g = a◦µZ . Since
Mreg(µZ) = Mpri(S) (see Lemma 3.5 (b)) and µZ |Mreg(µZ ) : Mreg(µZ ) → z∗ is a
submersion, we see a is smooth on µZ(Mreg(µZ )) = I
i, the interior of I = µZ(M).
Moreover, for a critical value ci ∈ ∂I, µ−1Z (ci) coincides with a singular orbit, and
hence, one can easily verify that a is extended to a smooth function on an open
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interval I ′ containing I since A is smooth on M . Namely, a is differentiable on the
boundary. Therefore, µZ is a transnormal function.
By Lemma 3.5 (b), each regular level set of the transnormal function µZ coincides
with a principal S-orbit. In particular, each level set has constant mean curvature.
Then, µZ is isoparametric by Proposition 2.9.1 in [6]. 
It is known that any homogeneous hypersurface in a complete Riemannian man-
ifold is isoparametric. In our setting, by Lemma 3.5 (b), µZ gives an isoparametric
function for the S-orbits.
Now, we further assumeM is a closed Ka¨hler-Einstein manifold of positive Ricci
curvature and S is a connected closed subgroup of G = Aut(M,ω, J)0. Suppose
S acts on M as a cohomogeneity one action and ZG(S) is not discrete. Then, we
have the canonical moment map of the ZG(S)
0-action µ˜Z : M → zg(s)∗ ≃ R, and
µ˜Z is regarded as an isoparametric function by Proposition 3.6. In fact, µ˜Z satisfies
∆µ˜Z = 2Cµ˜Z (see Proposition 2.7 and Remark 2.8). Moreover, since M is closed,
we have ∫
M
µ˜Zω
n = 0.
This implies 0 is an interior point in the closed interval I = µ˜Z(M). Because there
is no critical value in the interior Ii (see the proof of Lemma 3.5 (b)), 0 is a regular
value of µ˜Z . Therefore, the 0-level set µ˜
−1
Z (0) is a homogeneous hypersurface in M
and S acts on µ˜−1Z (0) transitively by Lemma 3.5 (b). Denote the stabilizer subgroup
of S at p ∈ µ˜−1Z (0) by Sp. Then, µ˜−1Z (0) ≃ S/Sp. It is easy to verify that S also acts
on the quotient spaceM0 = µ˜
−1
Z (0)/ZG(S)
0 transitively, and the stabilizer subgroup
of S at [p] ∈ M0 is given by ZG(S)0Sp. Note that S acts on M0 as holomorphic
isometries by Lemma 3.3. Moreover, by Lemma 3.5 (c) and Proposition 2.9 (see
also Remark 2.10 (1)), (M0, ω0, J0) is a Ka¨hler-Einstein manifold of positive Ricci
curvature.
Summing up our arguments, we prove the following:
Theorem 3.7. Let (M,ω, J) be a closed Ka¨hler-Einstein manifold of positive Ricci
curvature. Suppose a connected compact subgroup S of G = Aut(M,ω, J)0 acts
on M as a cohomogeneity one action. Furthermore, we assume the centralizer
ZG(S) of S in G is not discrete. Then, the ZG(S)
0-action is a circle action and
the canonical moment map µ˜Z : M → zg(s)∗ ≃ R of the ZG(S)0-action is an
isoparametric function for the S-orbits.
Moreover, 0 is a regular value of µ˜Z and ZG(S)
0 acts on µ˜−1Z (0) freely, and
the Ka¨hler quotient space (M0 = µ˜
−1
Z (0)/ZG(S)
0, ω0, J0) is a compact homoge-
neous Ka¨hler-Einstein manifold of positive Ricci curvature which is diffeomorphic
to S/ZG(S)
0Sp, where Sp is the stabilizer subgroup of S at p ∈ µ˜−1Z (0).
Since the ZG(S)
0-orbits contained in µ˜−1Z (0) are mutually isometric, the Hsiang-
Lawson metric gHL coincides with a constant multiple of the reduced Ka¨hler metric
g0. Therefore, combining Theorem 3.7 with Theorem 2.11 and Dong’s result in [11],
we obtain
Corollary 3.8. Suppose the same assumptions described in Theorem 3.7. Then,
any minimal (resp. Hamiltonian minimal) Lagrangian submanifold L0 in the com-
pact homogeneous Ka¨hler-Einstein manifold (M0, ω0, J0, g0) yields a ZG(S)
0-invariant
minimal (resp. Hamiltonian minimal) Lagrangian submanifold in (M,ω, J, g) as
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the pre-image pi−1(L0) of the fibration pi : µ˜−1(0)→M0. Conversely, any ZG(S)0-
invariant minimal Lagrangian submanifold in (M,ω, J, g) is obtained in this way.
It is known that a compact homogeneous Ka¨hler-Einstein manifold of positive
Ricci curvature is simply connected and is obtained by a Ka¨hler product of gener-
alized flag manifolds (see Section 8 in [9]). Thus, the quotient space obtained in
Theorem 3.7 may be well-understood. For instance, a totally geodesic (and hence,
automatically minimal) Lagrangian submanifold in a generalized flag manifold M0
is obtained by a real form of M0. See [14] for the construction of the real forms.
Remark 3.9. We remark other properties of the Ka¨hler reduction given in Theorem
3.7.
(i) pi : µ˜−1(0)→M0 preserves the homogeneity of a submanifold in some sense.
Namely, if L0 is a homogeneous submanifold in M0 obtained by an orbit of a
connected subgroup S′ of S, then so is the pre-image L = pi−1(L0) in M . In fact,
S′ZG(S) acts on L transitively.
(ii) Since the ZG(S)
0-orbits contained in µ˜−1Z (0) are mutually isometric, we have
volg(L) = (const) · volg0(L0) for any ZG(S)0-invariant Lagrangian submanifold L.
Thus, applying Lemma 3.1.1 in [20], we see that if L is Hamiltonian stable with
respect to g, then so is L0 with respect to g0.
3.3. Examples. The condition (c) in Lemma 3.5 implies the situation is some-
what restrictive. So far, we know some classification results of real hypersurfaces
with isometric Reeb flow in Hermitian symmetric spaces ([7], [8] and [23]). These
examples are obtained by a Hermann action of cohomogeneity one.
Let (G,S) and (G,S′) be Hermitian symmetric paris of compact type (see [16]
for the details). Then, S acts on the Hermitian symmetric space M = G/S′ as
holomorphic isometries, and we call such an action the Hermann action of Hermit-
ian type. If G/S′ is an irreducible Hermitian symmetric space and S y G/S′ is
cohomogeneity one, then these actions are preciously given in Table 1.
Since (G,S) is a Hermitian symmetric pair, S has a 1-dimensional center C(S).
Thus, the centralizer ZG(S) is not discrete because C(S) ⊆ ZG(S).
Suppose S y G/S′ is cohomogeneity one. Then, dimZG(S) = 1 by Lemma 3.5
(a), and hence, ZG(S)
0 = C(S)0. Moreover, we may assume G = Aut(M,ω, J)0.
Thus, C(S)0 acts on µ˜−1Z (0) freely by Lemma 3.5 (c). In particular, we can apply
Theorem 3.7 and Corollary 3.8.
S Hermitian symmetric space M = G/S′
S(U(k + 1)× U(n− k)) SU(n+ 1)/S(U(n)× U(1)) ≃ CPn
S(U(n)× U(1)) SU(n+ 1)/S(U(k + 1)× U(n− k)) ≃ G˜k+1(Cn+1)
U(n) SO(2n)/SO(2)× SO(2n− 2) ≃ G˜2(R2n)
SO(2)× SO(2n− 2) SO(2n)/U(n)
Table 1. Hermann actions of Hermitian type of cohomogeneity
one acting on an irreducible Hermitian symmetric space, where
0 ≤ k ≤ n− 1.
We shall give further details of the Ka¨hler quotients for some cases in which we
obtain several examples of minimal Lagrangian submanifolds:
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Example 3.10. LetM be the complex projective space CPn of constant holomor-
phic curvature 4. By the result of Okumura [23], a real hypersurface M in CPn
admits an isometric Reeb flow if and only if M is an open part of a tube around
a totally geodesic CP k ⊂ CPn for k = 0, . . . , n − 1. The tube is a homogeneous
hypersurface in CPn, and S = S(U(k + 1)× U(n− k)) acts on it transitively. The
center is given by
C(S) = {diag(e
√−1(n−k)θ1Idk+1, e−
√−1(k+1)θ1Idn−k); θ1 ∈ R} ≃ S1.
We further restrict our attention to the case when k = 0, i.e., S is the stabilizer
subgroup S′ = S(U(1) × U(n)). In this case, the regular orbit M is a geodesic
hypersphere in CPn. It is known that the geodesic hypersphere is characterized
by the totally η-umbilic hypersurface, namely, the shape operator A of M satisfies
A(Z) = aZ + bξ♯(Z)ξ for any Z ∈ Γ(TM), where ξ is the characteristic vector
field, and a, b ∈ R. In our setting, ξ is given by a unit length vector field v˜ on
M generated by the C(S)-action. In particular, we have A(X ′) = aX ′ for any
X ′ ∈ Ep and p ∈M . Therefore, by the theorem of Kobayashi [19], the holomorphic
sectional curvature K0 of the quotient space M0 is related to the holomorphic
sectional curvature K of M by
K0(X) = K(X
′) + 4g(A(X ′), X ′)2 = 4 + 4a2
for any unit vector X ∈ TxM0. In particular, we see M0 is a compact Ka¨hler man-
ifold of positive constant holomorphic sectional curvature. Moreover,M0 is simply
connected since M0 is positive compact Ka¨hler-Einstein. Thus, M0 is holomorphic
isometric to CPn−1.
Therefore, by Corollary 3.8, we see that any C(S′)-invariant minimal Lagrangian
submanifold in CPn corresponds to a minimal Lagrangian submanifold in CPn−1
via the fibration pi : M = µ˜−1(0) → M0 ≃ CPn−1. We note that many examples
of minimal Lagrangian submanifold in CPn−1 are known (e.g. [4]), and these
examples yield minimal Lagrangian submanifolds in CPn.
Example 3.11. Let M be the oriented real two-plane Grassmannian manifold
SO(2n)/(SO(2) × SO(2n − 2)) ≃ G˜2(R2n). G˜2(R2n) can be identified with the
complex hyperquadric Q2n−2(C), where 2n − 2 = dimCG˜2(R2n), and the real hy-
persurfaces with isometric Reeb flows in Q2n−2(C) (or more generally, in complex
hyperquadrics of arbitrary dimensions) were classified by Berndt and Suh ([8]).
Such a real hypersurface M is obtained by an orbit of the unitary group U(n)
as a closed subgroup of SO(2n), and M ≃ U(n)/(U(1) × U(n − 2)) (See [8] for
the details). In particular, the Ka¨hler quotient space M0 is diffeomorphic to the
homogeneous space U(n)/S1 · (U(1)× U(n− 2)), where S1 is the center of U(n).
Let us consider an oriented real hypersurface L in the odd-dimensional unit
sphere S2n−1(1) ⊂ R2n. Define the Gauss map G : L → G˜2(R2n) ≃ Q2n−2(C)
via p 7→ Vp, where Vp is the oriented normal space of L in S2n−1(1) regarded as a
two-plane in R2n. It is known that G is a Lagrangian immersion into Q2n−2(C), and
hence we obtain a Lagrangian submanifold L as the Gauss image G(L). Moreover,
if L is an isoparametric hypersurface in S2n−1(1), then L = G(L) is a minimal La-
grangian submanifold in Q2n−2(C) (see [22]). Since the action U(n) y Q2n−2(C)
is equivariant to the natural action U(n) y R2n ≃ Cn via G, if L is S1-invariant,
then so is L. Therefore, we obtain S1-invariant minimal Lagrangian submanifold in
Q2n−2(C) from a S1-invariant isoparametric hypersurface in S2n−1(1), and such a
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hypersurface comes from an isoparametric hypersurface in CPn−1 (see [10]). More-
over, explicit examples of isoparametric hypersurfaces in CPn−1 are found in [6]
and [10]. Thus, by Theorem 2.11 and 3.7, we obtain some examples of minimal
Lagrangian submanifold in the Ka¨hler quotient space M0 from isoparametric hy-
persurfaces in CPn−1.
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